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A geometrical model describing reverse micellar systems has been developed. A single phase containing assembled
structures on two different length scales is described and the hydration of surfactants involved in each structure
determined. By taking into account the water—surfactant interface a transition from interconnected cylinders to
spheres has been predicted and is confirmed by experimental data. Furthermore, interdigitation between reverse

micelles can be predicted and observed experimentally.

Emulsions are extremely important for a variety of industrial
applications! or fundamental research.? Not only their stabil-
ity, but also their microstructures are critical properties in
these two fields. The microstructure of mixtures containing
surfactant, oil and water has been the subject of many dis-
cussions.>* For example, as recently as a decade ago some of
the most active workers in the field of complex fluids held that
supra-aggregated structures did not exist. Furthermore, as a
matter of definition, emulsions have always been regarded as
thermodynamically unstable systems.®

Two kinds of theories have been developed to predict the
structure of ternary microemulsions under static conditions.
The first considers the water—oil interface stabilized by a sur-
factant as a continuous film.%” The behavior is then driven by
the geometry of the structure. The curvature energies can be
calculated and then optimization leads to predictions of topo-
logical transitions. The second type of theory considers the
non-continuous nature of an interface composed of sur-
factants.® The geometry of the interface and that of the sur-
factant have to be considered. In this way, the expected
spontaneous curvature corresponds to the energetically favor-
able packing configuration of the surfactant at the interface.
The structure of micellar aggregates®® is determined by the
surfactant parameter, s = v /a,l;, where vy, a; and [ are the
volume of the surfactant, the surface area and the length of the
alkyl chain, respectively. Spherical micelles are observed if
s < 1/3, polydisperse rod shapes or globular micelles if
s < 1/2, single walled vesicles or bilayers if s < 1 and reverse
structures if s > 1. These two classes of theory can be refined
by taking into account electrostatic interactions between two
films or polar head groups for ionic surfactants.

Many structures can be envisaged in amphiphilic systems.
Spheres, cylinders, spherulites or lamellae are a few examples,
in addition interconnection can be taken into account. Each
can pack in several ways: simple cubic, fcc etc. Packing
imposes a limited amount of oil, water and surfactant inside
an elementary cell. In a zero order model, oil, water and sur-
factant volume fractions are linked together due to the
packing parameter, o, .
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In the oil-rich region, the phase diagram of
Cu(AOT),-isooctane-water'°~*2 has been carefully studied.
At low water content, the various structures are governed by
the hydration of the polar head group with a progressive
increase in the s parameter. In the region where the polar
head group should be totally hydrated there are thermody-
namically stable “supra”-aggregates, made of an onion lamel-
lar phase containing bicontinuous microemulsions in both its
internal and external phases. From these data, it was con-
cluded that the concept of “phase” in mesostructured fluids is
too restrictive.

The samples were prepared as follows: Cu(AOT), was
mixed with isooctane and water progressively added. The
solutions were sealed and vigorously shaken. The final emul-
sions and the equilibrium phases can be obtained by centrifu-
gation or by standing for several minutes. These are reversible
in temperature cycling and so each experimental emulsion is
thermodynamically stable. The solutions are Newtonian,'? as
indicated by viscosity measurements,'® thus the equilibrium
phases are not influenced by the initial shaking.

In the present paper the geometrical model previously
described is extended and applied to Cu(AOT),~water—iso-
octane solutions.!®~'2 Quantitative calculations to predict
structures differing in their packing are presented. For the
supra-aggregates, it is possible to differentiate the hydration of
the surfactants involved in the various structures composing
the phase. Finally, at high water content, geometrical con-
siderations can be used to predict a transition from intercon-
nected cylinders to spheres, whereas at low water content the
inverse transition is not predictable only due to geometrical
arguments. Similarly, interdigitation involving reverse micelles
can be predicted and experimentally observed.

The geometrical model

The parameters are defined in the Glossary. Packing of
spheres and interconnected cylinders is governed by the
packing parameter, o,. Fig. 1(A)—(C) show the various pack-
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Fig. 1 Various packing of spheres: (A) face centered cubic (fcc), (B)
body centered cubic (bcc), (C) simple cubic (sc). Organizations of

cylinders: (D) hexagonal, (E) square, (F) interconnected cubic, (G)
interconnected face centered cubic.

ings of spheres whereas Fig. 1(D)—(F) are those of intercon-
nected cylinders.

To predict colloidal structure, the following parameters
have to be taken into account: (i) the overall volume of a
micelle including water, surfactant and “bound” oil, (ii) the
volume of water trapped inside the colloid, and (iii) the inter-
nal surface area of the colloid assuming all the surfactant is
located at the water—oil interface. Whatever the colloidal
structure, packing is possible if the sum of volume fractions is
less than the packing parameter a,:

b+ b+ by <0, 1)

where @°, ¢,, ¢, are the bound oil, surfactant and water
volume fractions, respectively.

Packing of spheres and cylinders

The parameters governing the packing are the specific water
content, w, the surfactant parameter, s, and the packing
parameter, a,. In a previous paper,'’ we demonstrated that
the limiting volume fractions of spherical micelles are:

3(3ws)2s

Ot s 1 @
By replacing the packing parameter o, with its various values
(see Glossary), the limiting volume fractions are deduced for
every kind of packing (sc, fcc, bec, etc.). For simplicity, only
the surfactant volume fraction and surfactant—oil volume frac-
tion ratio are presented. The other ones can easily be deduced.

Similarly, the packing of infinite cylinders (square, hexago-
nal close packed) characterized per unit length is:

4ws?
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The packing parameter is not known for interconnected
cylinders. It is calculated in Appendix A for simple cubic and
fce structures.

Packing conditions of interconnected cylinders in a simple
cubic structure. The water volume inside an elementary cell is
given by:

V,=(3nL — 8 /2R,)R: =N, v, 4)

Let [ be the length between two interconnections, then the
internal surface is:

S = R,[2n(R,, + 3) + 8R,(1 — \/2)] = N,q, (5)

These equations lead to the cylinder water pool radius
equation:

(6n — 8,/2)R2 + {31l — [21 + 8(1 — \/2)]Wsl}R,,
— 6nwsl,l =0 (6)
The total volume of the cell [Fig. 1(F)] is:
N,v, + N,v, + N,v, = P = (2R, + I) (7)
Once eqn. (6) is solved, the limiting ratio of oil and sur-

factant volume fractions is obtained from eqn. (7):

. 2R, + ) a,
2 = ( ) ——Ww+1) (8
b R,{R,[21 + 8(1 — /2)] + 6nl} ¥
From eqn. (8), the volume fraction limits for each com-
ponent (surfactant, water and oil) can be deduced. The sur-
factant volume fraction is:

R {R,[2r + 8(1 — /2)] + 6nl}
R, +1?

X,, the surfactant limiting volume fraction of intercon-
nected cylinders in simple cubic structures is obtained when
I=2I.

For a surfactant volume fraction greater than X, the inter-
connected cylinders have to evolve into a denser structure.

o, <

sly = X(I=2l) )

Packing conditions of interconnected cylinders in an fcc
structure. The water volume and interfacial area are twice
those in interconnected simple cubic structures and the total
volume of the cell [Fig. 1(G)] is:

N.,v,+ N,v, + N,v, = = (4R, + I)3 (10

This relation leads to the surfactant volume fraction:
_AR{R,[7m + 4(1 — V21 + 3nl}

@R, +1°

o sly=X{l=2R,, + 4l)

(11)

The above equations are general and can be used for any
surfactant. Nevertheless, some elementary behavior and
parameters have to be known: the volume of water, v,,, and
the polar head group area, a,, as a function of the water
content, the volume, v, and the length, [, of the surfactant
hydrophobic part.

To support the model described above, comparison
between the model and experimental data is made by using
the Cu(AOT),~water—isooctane phase diagram. It is assumed
also that the specific volume of water molecules and the polar
head group area of Cu(AOT), behave as a Na(AOT) solution.
These hypotheses are needed to develop the model because no
structural data for Cu(AOT), are available at low water
content. This assumption is supported by the fact that, at high
water content, the polar head group area per surfactant is
similar to that obtained with Na(AOT).141* To a first approx-
imation, it is assumed that the water molecule volume and the
surface area increase logarithmically in the water content



range of 1 to 20.315 Qil penetration, in the double chain or in
the space between two surfactant molecules, could swell the
hydrophobic part of the surfactant but this has not been taken
into account. This is quite justified if the oil chain length is
equal to or shorter than that of the surfactant. In the numeri-
cal applications, the surfactant is assumed to have a constant
volume (639 A3)'¢ and alkyl chain length (10 A). In the for-
malism developed above and based on the volume fractions,
the geometrical constraints impose the structure and the
resulting packing limits are shown in a ternary diagram [Fig.
2(A)]. On increasing the surfactant concentration, the system
evolves from spheres to infinite cylinders and then to intercon-
nected cylinders.

Let us consider data in a given region of the phase diagram.
Cu(AOT), is solubilized in isooctane and a rather low amount
of water is added (0 <w < 5). An isotropic phase is formed.
On increasing water content above w = 5, a phase transition
takes place and the isotropic phase coexists with isooctane.

(i) At water content, w = 4, and [Cu(AOT),], = 4.2 x 1071
M, one isotropic phase is formed. In our previous
papers,! 1121417 it was demonstrated from SAXS and con-
ductivity measurements that interconnected cylinders are
formed. This is at point A in the phase diagram in Fig. 2(B).
The surfactant and water volume fractions are 0.30 and 0.06,
respectively. From the various packing limits shown in Fig.
2(B), spheres cannot pack in sc and bce structures whereas this
is possible in an fcc structure. Packing of interconnected cylin-
ders is possible whatever the packing structure is. These
results are consistent with the experimental data.

(ii) At w =2 and [Cu(AOT),], = 4.2 x 10~! M, the SAXS
experiments and the low conductivity make it possible to con-

Oil 1

Fig. 2 Ternary diagram in volume determined for constant AOT
chain length, surfactant and oil volumes. (A) Packing limits for cylin-
drical structures: (A) interconnected simple cubic, ( ) square;
packing limits for spherical structures: () face centered cubic, (O)
simple cubic. (B) Packing limits at low water content in the oil-rich
region (see text for description of points A and B): (——) spheres in
face centered cubic structure, ( ) cylinders in square structure.

clude that there is formation of spherical reverse micelles. This
corresponds to point B in the phase diagram given in Fig.
2(B). The surfactant and water volume fractions are 0.31 and
0.04, respectively. From Fig. 2(B), it is clear that spheres can
no longer pack and must transit to elongated cylinder-like
objects. Taking into account this fact, it can be deduced that
cylinders are probably formed. However, the packing struc-
ture (square, fcc, hexagonal) cannot be discerned. The differ-
ence between experimental data and the model can be
attributed to the fact that the system used is highly concen-
trated. Formation of spheres from SAXS measurements was
deduced from simulation of both the structure factor and the
form factor with a hard sphere potential. Furthermore, it is
difficult to differentiate by SAXS between polydispersed
spheres and elongated aggregates. The low conductance could
be due to the fact that the water molecules are more tightly
bound to the interface. Taking into account experimental data
and the model, it can be concluded that the high surfactant-
to-water ratio forces the surfactant tails to line up, as it would
for stacking of a “Chinese fan”.

At w =5, a phase transition is observed and oil is released
from the surfactant chains. The upper phase is isooctane
whereas the lower phase is interconnected cylinders. It has
been shown previously that such phase transitions are inter-
action dependent.!® This transition cannot be predicted by
geometrical considerations. Indeed, the progressive increase in
the water content causes hydration of the polar head group
area. The consequence is a decrease in the surfactant param-
eter, s. However, this induces not only changes in the curva-
ture of the oil-water interface, but also a change in the alkyl
chain conformation and in the interactions. These have not
been taken into account in the geometrical model and these
could explain why this phase transition cannot be predicted
by geometrical considerations only.

To summarize, the above equations give insight, in a very
simple and general way, into the packing limits in a
surfactant-water—oil system. The numerical results depend on
the experimental parameters (a,, v, v,,, etc.) introduced in the
calculations. Nevertheless, except when interactions are too
large, the experimental data are in good agreement with the
model.

Supra-aggregates

Cu(AOT), is solubilized in isooctane, [(Cuw(AOT),], =1.2
x 1071 M. Water is added to the solution to reach an overall
water content, w = [H,O]/[AOT], in the range of 15.5 <
w < 26. The upper phase (1) is isotropic whereas the lower one
(2) is birefringent. In our previous paper, we gave the charac-
teristics of this region of the phase diagram.!” In the follow-
ing, we give a summary of the data obtained when increasing
the overall water content from w = 15.5 to w = 26.

(i) An increase in the upper phase volume occurs whereas
that of the lower phase decreases.

(ii) Increases in the water and AOT concentrations are
observed. However, the water content of the upper phase,
w(1), remains constant and equal to 24. Conversely, the water
and surfactant concentrations remain unchanged in the lower
phase. This implies a constant average water content of the
lower phase, w(2) = 17.

(iii) The SAXS pattern of the upper phase (1) shows a peak
due to the structure factor. This peak slightly shifts toward
large wave vector, ¢, values on increasing the overall water
content. In the lower phase (2), the SAXS patterns drastically
change with increasing overall water content. At low water
content (w = 17), a large Bragg peak with a strong increase in
the scattering intensity at low g values is observed. On
increasing the overall water content, the Bragg peak shifts
toward large g values, its width decreases and its intensity
increases. This indicates an increase in the ordering of the
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lamellar distance, d. Furthermore, on increasing the overall
water content, a progressive emergence of a new peak in the
same range of g values is observed in the upper phase (1).

(iv) The freeze fracture electron microscopy pattern of the
upper phase is characterized by a small object [Fig. 3(A)]
whereas the lower one is an onion phase with an internal
small object [Fig. 3(B)].

These experimental data were explained in terms of self-
assembled-supra-aggregate formation with an onion (or
spherulite) phase containing interconnected cylinders in its
external and internal phases. It is not a conventional emul-
sion. The system is considered as a single phase containing
assembled structures on two different length scales. Further-
more, when the overall water content increases, the spheru-
lite’s interior collapses into an interconnected microemulsion.
The whole system is in equilibrium. The lamellae, which
separate interior and exterior phases, then adjust their spacing
and component fractions to allow equilibration while keeping
the water content constant in the two structures. Interlamellar
forces dictate the amount of the components contained in
these structures. This is strongly supported by the geometrical
model described in our previous paper.!!:12:14-17 In addition,
surfactants in the birefringent phase are involved to form
either lamellae or interconnected cylinders.

At this point a question arises: does the hydration of the
surfactant involved in the lamellae and in the interconnected
cylinders remain similar to the birefringent phase overall
water content, w(2)?

To answer this question, we have to take into account the
experimental data published previously.!” In the isotropic
phase (1) made of interconnected cylinders, the characteristic
distance, D* = 2n/q,,,, , determined from the maximum of the
peak due to the structure factor, is calculated at various water
and surfactant volume fractions, ¢,(1), ¢ (1). In the birefrin-
gent phase, a peak is observed at a low g value and in the
same range as the isotropic phase. It is assumed that this peak
is due to the isotropic phase trapped inside the spherulites.

Fig. 3 Freeze fracture electron microscopy (FFEM) patterns. (A) Iso-
tropic phase obtained at w =21, [Cu(AOT),], =42x10"' M
(upper phase: ¢, = 0.21, ¢, = 0.23, ¢, = 0.56). (B) Birefringent phase
obtained at w =21, [Cu(AOT),], =42 x 10"* M (lower phase:
¢, = 0.30, ¢, = 0.24, ¢, = 0.46).
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From the value of its maximum and its characteristic distance,
the water and surfactant volume fractions of the isotropic
phase trapped in the spherulites are deduced, ¢1(2), ¢1(2).
This enables us to determine the hydration, w!(2), of the sur-
factant involved in the interconnected cylinders present in the
birefringent phase:
1 _ P2 v,

YO, 2
The hydration w!(2) is found to be similar to w(1) [w(1) = 24,
Table 1]. Furthermore, from the overall composition of the
system, the total water and surfactant volume fractions, @,
and @, can be calculated. The overall water and surfactant
volume fractions of the birefringent phase, ¢(2) and ¢2), are
obtained from the difference between the overall volume frac-
tion and that due to interconnected cylinders. Taking into
account the volume fraction of the interconnected cylinders in
the biphasic system, f, leads to the following expression:

?4(2) = [P, — fo ()]/A — ) (13)

The overall volume fraction of the birefringent phase is the
sum of that due to lamellae, ¢*™(2) and ¢*™(2), and to the
interconnected cylinders (i.e., to the isotropic phase trapped in
and between the spherulites), ¢1(2) and ¢!(2). Assuming that
spherulites are packed in a simple cubic structure, their
packing parameter is 7t/6. This is a crude approximation but
the result should be independent of this. The surfactant
volume fraction in the birefringent lamellae phase is then:

T T
9m(2) = [qbs(z) - (1 - g>¢:<2)] / < (14

Table 1 gives the values of the various volume fractions
deduced at various overall water contents. The hydration of
the surfactant molecules involved in the lamellae, w'®™(2) is
proportional to the ratio of the water vs. surfactant volume
fractions attributed to lamellae:

) o,
CemQ2) v,
Table 1 shows that the w'®™(2) value does not change with
increasing the overall water content. In this calculation, v, is
fixed at 639 A3, corresponding to the surfactant volume in
reverse micelles.!® However, in the present case, lamellae are
formed and the surface curvature tends to change, that is the
surfactant volume tends to decrease. Hence, the w'*™(2) values
given in Table 1 are overestimated. Nevertheless, for any v,
value, w*™(2) remains unchanged in the range of overall water
content 15.5 < w < 26).

The overall hydration of the birefringent phase [w(2) = 17]
remains constant with increasing overall water content (Table
1). However, from these data it can be concluded that inside
the birefringent phase the surfactant hydration is inhomoge-
neous, with w!*™(2) = 13 in the lamellar and w'(2) = 24 in the
interconnected cylindrical structures. This means that the
number of water molecules used to solvate the surfactant
differs with their self-organization. The model described above
is simple but makes it possible to explain the experimental
results with reasonably good accuracy. The validity of this
approach was confirmed previously.!” Actually, it has been
possible to deduce the overall volume fractions of the system,
taking into account the interlamellar distances determined by
SAXS and the volume fractions of the upper phase determined
by titration. Good agreement between experimental data and
the geometrical model is obtained.

wi*™(2) (15)

Microemulsion region

In the region of the phase diagram corresponding to a fairly
large amount of water (29 <w <40), the solution of
Cu(AOT),—water—isooctane is isotropic and the head



Table 1 Experimental data obtained for a Cu(AOT),~water-isooctane system with [Cu(AOT),], = 4.2 x 10~ M*

w 17 18 19 20 21 2 23 24
o.1) — 0.17 0.18 0.19 021 0.22 0.23 0.24
b (1) — 0.19 0.20 0.22 0.23 025 027 027
D*(1)/A 157 157 157 146 127 125 125 121
w(l) — 235 238 239 229 239 245 248
642 — 0.28 029 0.29 030 0.30 027 026
b.(2) — 021 0.23 023 0.24 0.24 0.22 021
D*(2)/A — — 157 140 126 125 125 125
w(2) — 163 16.6 16.7 175 173 175 17.8
$1(2) — — 0.18 0.20 0.22 0.23 0.23 0.23
$1(2) — — 0.19 0.22 0.25 0.26 0.26 0.26
P*m(2) — — 039 0.36 033 034 0.29 0.26
Plam(2) — — 0.26 023 0.22 0.22 0.18 0.17
wi(2) — — 229 236 242 242 242 242
wiam(2) — — 14.1 139 14.4 139 13 13.7

“ w is the overall water content. (1) and (2) indicate isotopic and birefringent phases, respectively. ¢, and ¢, are the surfactant and water volume
fractions. w(1) and w(2) are the mean water content of the isotropic and birefringent phases, deduced from titration. w!(2) and w'*™(2) are water
contents of cylinders and lamellae in the birefringent phase. D¥(A) = 2xn/q,,,, Where g,,,, is the maximum of the scattering intensity.

group area (55 AZ) is constant. A careful study based on SAXS
data, conductivity measurements and freeze fracture electron
microscopy shows that the microemulsion evolves, upon
increasing the water content from w = 29 to 40, from inter-
connected cylinders to isolated spheres. The transition takes
place at w = 32. This transition is rather surprising. The
reverse is usually expected with the geometrical model [Fig.
2(A)] based on the volume fraction values. To explain such
behavior, the water—surfactant interface for both intercon-
nected cylinders and spherical structures has to be considered.
The water radius, R, is defined: (i) for a sphere as the water
pool radius and (ii) for a cylinder as its half width. The surface
of a sphere is proportional to its radius squared. The calcu-
lation of the surface of interconnected cylinders is not trivial.
Connections between cylinders have to be taken into account.
Details of the calculation concerning the surface of intercon-
nected cylinders are given in Appendix A and depends on the
radius, R,,, and on the length, L, of the cylinders.

For packing in a simple cubic structure the surface is given
by replacing [in eqn. (5)] the length between two intercon-
nections, [, with the length of the cylinders, L:

S = R [2n(3L — 5R,,) + 8R,(1 — \/5)] (16)
The L value is that determined by SAXS measurements and is
150 A.'* The increase in the water content induces an increase
in the R, value. The water—oil surface of spheres continuously
increases whereas that of interconnected cylinders increases to
reach a plateau and then decreases (Fig. 4). This involves con-
straints that drastically increase with increasing water content.
Because of such constraints, the system self arranges into a
structure having fewer connections but more interfaces. The
surfactant obtains more freedom to rearrange. Such behavior
explains the transition from interconnected cylinders to
spheres. The intersection between the variation with R, of the
surface due to interconnected cylinders and spheres takes
place at R, = 60 A. This corresponds to the water pool radius
observed just above the structural transition (at w = 32). This
is in good agreement with experimental data that show a tran-
sition from interconnected cylinders to spheres at w = 32. This
simple model explains quantitatively the transition from inter-
connected cylinders to spheres of Cu(AOT),~water—isooctane
around w = 32.

In the region where spherical water-in-oil droplets are
formed (w > 32), we could ask what happens when the excess
of oil is not sufficient to accommodate the curvature required
by the surfactant chains. This occurs on increasing the sur-
factant concentration. Oil cannot fill up the gaps between
objects and the spheres must digitate. The geometrical condi-
tions to reach interdigitated reverse micelles are given by the

limiting value of the oil-to-surfactant volume fraction ratio,
Go/Ps-

Let us assume that spheres are packed in a simple cubic
structure [Fig. 1(C)]. This provides the equivalence of a single
droplet and the elementary cell of the array. The equations are
much more complicated for bec, fcc or random packing.

When interdigitation of spheres occurs, the volume of the
cell is:

(2R, +1)* < N, v, + N,v,+ N,v, < 2R, + 21)* (17)
Interdigitated reverse micelles are obtained when:
¢, (6Ws+27> X,
< — 1H)=— 18
0. S memy PHU=% (18)

s

By plotting ¢,/¢, vs. the water content for Cu(AOT),~water—
isooctane solution, the upper limit to reach interdigitated
reverse micelles is found, as shown in Fig. 5. The lower limit is
obtained when:

$o _ (6Ws +1)°
0N ~ ns(6ws)?

Fig. 5 clearly shows the limits corresponding to free and inter-
connected reverse micelles. At large ¢ /¢, values the reverse
micelles are free whereas at lower values they are interdigi-
tated. At very low ¢,/¢, values, the distance between micelles
is lower than the chain length of the surfactant. This makes
any interdigitation impossible.

At [Cu(AOT),], = 4.2 x 10! M, the interdigitation limit
is reached. The diamonds in Fig. 5 represent the ¢,/¢, values
measured at various water contents. At a lower Cu(AOT),
concentration (1.2 x 10~! M), free reverse micelles are formed
(see dots in Fig. 5). Changes from free to interdigitated reverse
micelles can be observed by high resolution freeze fracture
electron microscopy. At low Cu(AOT), concentration, small

70 1

— W+ 1) (19)

Surface/103 A2
8

—_
(=}
1

Fig. 4 Interfacial surfaces calculated for (O) spheres and ( )
interconnected cylinders in the simple cubic structure, keeping L fixed
at 150 A.
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Fig. 5 Variation of the volume fraction ratio of oil and surfactant for
reverse micelles in sc structure with water content. The region above
the upper solid line corresponds to reverse isolated micelles. The
region between the solid lines corresponds to spherical interdigitated
micelles. The region below the dotted line and above the solid line
corresponds to a mixture of spherical and flattened (6 = n/5) interdigi-
tated water-in-oil droplets. Experimental single phase having
[Cu(AOT),], (#)4.2 x 10"* M and (@) 1.2 x 10~ M.

objects with an average size of around 10 nm are observed
[Fig. 6(A)] whereas coexistence between large and small
objects is obtained at high Cu(AOT), concentration
(4.2 x 10~* M), as shown in Fig. 6(B).

Hence interdigitated reverse micelles can be formed, above
w =32, by increasing Cu(AOT), concentration. Fig. 7(A)
shows, in a ternary diagram, a large domain in which the
interdigitated reverse micelles exist.

Another question arises: does the shape of reverse micelles
change from spherical to an elementary cell flattened at the
faces? Appendix B describes the calculation to determine the
¢,/¢, ratio limit, below which the shape of interdigitated
reverse micelles changes. It is:

2
o <6Ws %z; + 1>
[ 2 —

. 6w BE) A0 — (W + 1) (20)
where 0 is the angle of a cap cut-off, when spherical reverse
micelles are flattened on the six faces of the unit cell (Fig. 8).

The variation of the ¢,/¢, ratio with water content is
plotted in Fig. 5 (dotted line). Above the dotted line, spherical
interdigitated droplets are formed whereas below this line the
droplets are flattened at their faces. From the experimental
data, a change from spheres to faceted reverse micelles is
expected around w = 36. It should be noted that these calcu-
lations were made for simple cubic packing.

For infinite cylinders in square structures, a similar calcu-
lation gives the upper limit to observe the interdigitation
process. It takes place when the oil and surfactant volume
fraction ratio is:

¢, _ (ws+ 1> _ X,

—S<——s - 1)== 21

o, Tws? W+ X, @1)
Interdigitation takes place when the oil and surfactant volume
fraction ratio is higher than:

b, (@ws+ 17
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Fig. 6 FFEM patterns. (A) Microemulsion obtained at w = 40 and
[Cu(AOT),], =12 x 10°* M (¢, = 0.08, ¢, = 0.15, ¢, = 0.77). (B)

Microemulsion obtained at w =40 and [Cu(AOT),], =42 x 107!
M (¢, = 0.20, ¢,, = 0.38, ¢, = 0.42).

When the interdigitation cannot increase further, the system
evolves to denser packing or phases separate. The region of
interdigitated cylinders in a square structure is shown in Fig.
7(B). Interconnected cylinders can be observed in a very con-
centrated regime. This explains why it has been impossible to
observe them in dilute solution, which has been explored in
the Cu(AOT),~water—isooctane system.

Conclusion

We have developed a simple geometrical model in order to
predict structural transitions and supra-aggregation processes
in reverse amphiphilic systems. It is focused on the surfactant
parameter, volume fractions and hydration. It gives an over-
view of constraints imposed by geometrical packing and their
influence on microemulsion structures. These results are quite
general and qualitatively in good agreement with experimen-
tal behavior. We have shown that phase behavior and micro-
structures can be described and predicted by algebra with

AOT A

li‘% 0.4
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1 e 0
0 02 04 06 1

Fig. 7 (A) (O) Packing and (@) interdigitation limits for spherical
micelles in simple cubic structures. The interdigitation region is
between the two curves. (B) (——) Packing and (+ +) interdigitation
limits for cylindrical micelles in square structures.
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Fig. 8 Interconnection of cylinders of radius R. (A) Interconnection
of two perpendicular cylinders. The angle ¢ gives the height of the
interconnection of two cylinders parallel to the Ox and Oz axes. (B)
Interconnection of three perpendicular cylinders. The angle ¢
describes, in the xOy plane, the interconnection of two cylinders
parallel to the Ox and Oz axes. (C) L is the cylinder length and [ is the
distance between two interconnections. (D) Schematic of interdigi-
tated micelles flattened at their faces with 6 the angle of the flat faces.

elementary geometry describing local and global packing con-
ditions, without statistical mechanics or any kind of inter-
action. This is simultaneously the quality and the defect of the
model.

The generality we claim can be expected to occur in bio-
logical systems where compartmentalization of reactants is
universal. Our point is that the complexity of such systems
may have a simple origin beyond the dismissal of complexity
in the term “non equilibrium thermodynamics”.
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Appendix A: interconnected cylinders volumes and
surfaces

Packing calculations for interconnected structures require
more attention. In order to establish the volume fraction

limits of each component, the volume and surface of the struc-
ture inside the elementary cell have to be determined.

Let us consider the intersection of two cylinders character-
ized by an orthogonal point (Ox, Oy, Oz). R and z are the
radius and the height of the cylinders, respectively. The z
value is z = R cos y, where y gives the height of the intercon-
nection of two cylinders parallel to the Ox and Oz axes,
respectively [Fig. 8(A)]. The z value can vary between 0 and
R. The angle ¢ describes, in the xOy plane, the intercon-
nection of the same two cylinders parallel to the Ox and Oz
axes [Fig. 8(B)].

An elementary cell formed by three interconnected cylinders
and characterized by a volume V] is considered. This elemen-
tary cell is a cube having a size equal to the length of the
cylinder, L. It corresponds to the center-to-center distance
between intersections [Fig. 8(C)]. To determine V; we have to
take into account the volume of each cylinder (3nR?L), that of
the intersection of two V, and of three V; cylinders, respec-
tively. Taking into account all these volumes:

V, = 3nR2L — 3V, + V, (A1)

The intersection volume of two cylinders, V,, is the surface
shared between the two cylinders, given by the integration of:

R R
V,=2 J S(z)dz =2 J 2R*(cos ¢ sin ¢ + @)d(R cos @)

(A2)

The cylindrical symmetry [Fig. 8(A) and (B)] sets ¢ = y, varies
between [/2; 0]. Integration leads to:

V, = 1R (A3)

[N

The intersection volume of three cylinders, V;, is the surface
shared between three cylinders, given by the integration of:

R/2 .
V=2 I 4R2<sin @ COS @, + i (p1>dz
o

R
+2J 4R? sin? ¢ dz

R/2

R/2 n
V;=2 j 4R2<sin @ cos @ + i (p)dz

0

R
+2 f 4R? sin? ¢ dz (A4)
R/2
¢, and ¢ give the height of the interconnection of two cylin-
ders parallel to the Ox and Oz axes, for z < R/\/E and
z> R/\/E, respectively. There are discriminated for con-
venience. The cylindrical symmetry sets y = ¢ = (1/2) — ¢,. @
and ¢, vary between [n/4; 0] and [0; m/4], respectively.

Vi =8RA2—/2) (AS)

In an sc structure, the volume of interconnected cylinders in

an elementary cell is:
V, = (3nL — 8,/2 R)R? (A6)

The packing parameter, «,,, is determined for simple cubic and
fcc structures.

Simple cubic structure

The volume fraction of interconnected cylinders is the ratio of
the volume really occupied by the cylinders and that of the
elementary cell:

(3nL — 8./2 R)R?
ty = ———— (A7)
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The maximum volume occupied by the cylinders is obtained
when they are in contact, that is when L = 2R. The packing
parameter is then:

o, =3t —/2~094 (A8)

Interconnected cylinders in fcc structures

The internal volume is twice that of an sc structure. The
volume fraction of interconnected cylinders is:

2(3nL — 8. /2 R)R?
O(p = E

(A9)

The packing parameter of interconnected cylinders in fcc
structures is obtained at contact, L = 4R:

3In—2./2
« =”T\[z0.82

) (A10)
/4
S, = J [8(1 — cos @) + (2m — 8¢)IR dz
0
/2
+ f 8R(1 — sin @)dz (Al1)
n/4

The cylindrical symmetry sets y = ¢. The integration, realised
between [1/2; 0], leads to:

S, = 2R?[n + 4(1 — /2)]

To determine the water—surfactant surface, the length I [Fig.
8(C)] between two cylinders without intersection is con-
sidered. The internal surface of interconnected cylinders is the
sum of the surface of each cylinder and that of the intercon-
nection. The intersection surface of three cylinders is calcu-
lated by integration of the shared perimeter:

The surface of interconnected cylinders in an sc structure
inside an elementary cell is given by the following relation:

S = R[2n(R + 3)) + 8R(1 — /2)] (A13)

If I, the length between two intersections, is replaced by
L =1— 2R, the length of the interconnected cylinders, eqn.
(A13) leads to the equivalent relation:

S = R[2n(3L — 5R) + 8R(1 — \/2)]

In fcc structures, the internal surface of interconnected cylin-
ders is also twice that of sc structures.

(A12)

(A14)

Appendix B: volume and surface of interdigitated
droplets flattened at their faces

On decreasing the amount of oil, spherical water droplets
could change in shape and reach a flattened structure. Hence,
the spheres progressively flatten at the faces of the Wigner—
Seitz cell.

Let us assume a simple cubic packing of spherical droplets
flattened at their faces. With a water core radius, R,,, the
angle of the cap, 6 and y the angle of integration, the volume
of a cap cut-off, V,, is:

R
V1 =
R cos 0

Vv, = g R3[2(1 — cos ) — cos 0 sin? 0] (B2)

n(R,, sin y)*d(R,, cos y) (B1)

Then the water volume inside of the droplet is:

4
V,=N,o, = ?“ RS — 6V, (B3)
The area of a cap is:
0
S, = J 2nR2 sin y dy = 2nR2(1 — cos 6) (B4)
o
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The area of a flattened region is:
S, = m(R,, sin 0)? (BS)
The total area at the surface interface is:
S = 4nR2 — 6S, + 65, (B6)
The water—oil interface is totally covered with the surfactants,
so:
N.a, = 4nR2[3(2 — cos B)cos 6 — 1] (B7)

The water volume inside the droplet, V,, = N v, = (4n/3)R3
— 6V}, and eqn. (B7) lead to the water core radius expression:

R 3sl 3(2 — cos O)cos 0 — 1
= 3ws
v *3(3 — cos? H)cos 6 — 4

(B8)

The cell is made of interdigitated alkyl chains. Taking into
account that the total volume in the elementary cell is:

N, v, + N,v, + N v, = (2R,, cos 0 + I)? (B9)

gives eqn. (B10) for the limiting ratio of oil and surfactant
volume fractions:

_ B }
QZMA(Q)Z_(W_,_ 1)
o, ns(6ws)?B(0)>
with A(0) = 33 — cos? f)cos 0 —2 and B() = 3(2 — cos
0) — cos @ — 1 where R,, is the water core radius and 6 the
angle of flat faces.
Fig. 5 shows the various limits to reach the zones of isolated
droplets, interdigitated spherical or interdigitated flattened
spherical and droplets.

(B10)

Glossary

Number of oil, water and surfactant molecules: N, N, N
Water and surfactant concentration: Cg, C,,
Avogadro number: A",
Volume of the studied phase, ¢: V,
Volume of oil, water and of the AOT surfactant molecule: !¢
v, U, and v, (=639 A3)

N,v

Vo
NW UW

S

Surfactant volume fraction: ¢, = C, N "jv, =

Water volume fraction: ¢, = C, N g0, =
@

N,
Oil volume fraction: ¢, = %Uo =1—(¢+ 9y)
®

Bound oil volume fraction: ¢°
Water content: w = —

Ny

N,v

Specific water content: w = @ =—_rv
¢S NS US

Surfactant alkyl chain length: [, = 10 A .
Polar head group area: a,, a(max) = 55 A?

Surfactant parameter: s = s(w) = )
aw)l
Maximum volume fraction of packing: a,
Shape Structure o,
Spheres Simple cubic g ~ 0.52
. 3n

Spheres Body centered cubic 2 ~ 0.68
Spheres Face centered cubic T~ 0.74

3\/5
Cylinders Hexagonal close compact LI 091

2\/§



Cylinders Square structures g ~ 0.78

Interconnected Simple cubic 0.94
cylinders

Interconnected FCC structure 0.82
cylinders

Volume fraction limit: X

Water core radius: R,,

Interior volume of a micelle: V,

Surfactant chain volume per micelle: V;

Bound oil volume: V2

Volume fraction of the isotropic phase (upper phase): f
Volume fraction of the birefringent phase (lower phase): 1 — f
Overall system volume fractions of oil, water and surfactant:
b,, P, and P

Surfactant volume fraction of the isotropic phase, ¢ (1), inside
the isotropic one

Surfactant volume fraction of the isotropic phase, ¢1(2), inside
the birefringent one

Surfactant volume fraction in lamellar structure, ¢*™(2), inside
the birefringent phase

Length of interconnected cylinders cell: L

Length between two interconnections: [

Flat face angle of a spherical micelle: 6

Scattering wave vector in SAXS measurements: g
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